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In this paper, the Orlicz centroid body, deﬁned by E. Lutwak,
D. Yang and G. Zhang, and the extrema of some aﬃne invariant
functionals involving the volume of the Orlicz centroid body
are investigated. The reverse form of the Orlicz Busemann–Petty
centroid inequalities is obtained in the two-dimensional case.
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1. Introduction
Let Sn−1 and Bn be, respectively, the unit sphere and the unit ball in the Euclidean space Rn .
Denote by ωn for the n-dimensional volume of Bn and its value is given by
ωn = π
n
2
Γ (1+ n2 )
,
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interiors) in Rn . Denote by Kn the set of convex bodies in Rn and by Kno the set of convex bod-
ies containing the origin as interior. For K ∈ Kn , its support function hK is the real-valued function
deﬁned by
hK (u) = max
{〈u, y〉: y ∈ K}, u ∈ Sn−1,
where 〈u, y〉 denotes the inner product of u and y. For c > 0, the support function of the convex
body cK = {cx: x ∈ K } is
hcK = chK . (1.1)
Moreover, for T ∈ GL(n), the support function of the image T K = {T y: y ∈ K } is given by
hT K (x) = hK
(
T tx
)
, (1.2)
where T t denotes the transpose of T (see [5,6,10,23]).
Let φ :R→ [0,∞) be a convex function such that φ(0) = 0. This means that φ must be decreasing
on (−∞,0] and increasing on [0,∞). The set of such φ is denoted by C .
For K ∈ Kno with volume |K | and φ ∈ C , the Orlicz centroid body ΓφK of K is a convex body whose
support function at x ∈Rn is deﬁned by (see [9,17,18])
hΓφ K (x) = inf
{
λ > 0:
1
|K |
∫
K
φ
( 〈x, y〉
λ
)
dy  1
}
, (1.3)
where the integration is with respect to Lebesgue measure in Rn .
The Orlicz centroid body is the natural generalization of the Lp centroid body and the centroid
body. For p > 1, let φ = φp = | · |p , then
Γφp K = Γp K ,
where Γp K is the Lp centroid body of K introduced by E. Lutwak and G. Zhang in [13–15] and
recently investigated by C. Haberl and F. Schuster in [7,8]. Up to a constant, the support function of
Γp K is given by
hΓp K (x)
p = 1|K |
∫
K
∣∣〈x, y〉∣∣p dy.
If p = 1, the body Γ1K is the centroid body Γ K , deﬁned and investigated by C. Petty in [19,20], of K .
When K is an origin symmetric convex body, the boundary of Γ K is the locus of the centroids of all
the halves of K obtained by cutting K with hyperplanes through the origin (see [2,5,6,12,23]).
In [19] C. Petty obtains an integral representation of the volume of Γ K as an average of the
volume of all the simplices whose vertices are at the origin and at n points taken randomly from K .
Such a representation and the Busemann random simplex inequality for convex bodies lead to the
Busemann–Petty centroid inequality.
Proposition 1.1. If K is a convex body in Rn, then
|Γ K | |K |, (1.4)
where equality holds if and only if K is an origin-symmetric ellipsoid.
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G. Zhang [16] and it states the following.
Proposition 1.2. If K is a convex body in Rn, then for 1 p < ∞
|Γp K | |K |, (1.5)
where equality holds if and only if K is an origin-symmetric ellipsoid.
S. Campi and P. Gronchi give another proof of the Lp analogues of Busemann–Petty inequality
(see [3]).
Proposition 1.2 leads to the Blaschke–Santaló inequality
|K |∣∣Γ ∗p K ∣∣ω2n, (1.6)
where Γ ∗p K is the polar body of Γp K and the equality holds if and only if K is an origin symmetric
ellipsoid.
In [17], E. Lutwak, D. Yang and G. Zhang obtain the following Orlicz Busemann–Petty centroid in-
equality.
Proposition 1.3. If φ ∈ C and K is a convex body in Rn that contains the origin in its interior, then the volume
ratio
|ΓφK |/|K |, (1.7)
is minimized if and only if K is an ellipsoid centered at the origin.
The Lp Busemann–Petty centroid inequality (1.5) implies that the functional F (K ) = |Γp K |/|K | at-
tains its minimum value one at K = B . Furthermore, S. Campi and P. Gronchi investigate the following
function
ϕp(K , x) = |Γp(K − x)||K | , (1.8)
and establish the reverse form of the Lp Busemann–Petty centroid inequality in the two-dimensional
case (see [4]).
Motivated by the idea of S. Campi and P. Gronchi, we investigate some functionals involving the
volume of the Orlicz centroid bodies of n-dimensional convex sets. We consider
ϕφ(K , x) = |Γφ(K − x)||K | , (1.9)
which expresses the dependence of the volume of ΓφK on the location of K . We prove that the
maximum of ϕφ(K , x) for x ∈ K , which we denote by Mφ , is an aﬃne invariant in the class of convex
bodies. Moreover, we prove that it is still convex under a parallel chord movement. Consequently
we obtain that ellipsoids are the only minimizers of Mφ among all convex bodies (Corollary 3.1). In
two-dimensional case, we show that the maximum of Mφ is attained on triangles among all convex
ﬁgures and on parallelograms among all centrally symmetric convex bodies (Theorems 3.3 and 3.4).
In Section 3 we also investigate the minimum mφ of ϕφ . We prove that mφ(Kt) is a convex function
of t (Theorem 3.5). We obtain that triangles and parallelograms are the maximizers of mφ among all
convex bodies and among all centrally symmetric convex bodies, respectively (Theorems 3.6 and 3.7).
These results extend the results of S. Campi and P. Gronchi in [4] and T. Bisztriczky and K. Böröczky
in [1].
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A shadow system (or a linear parameter system) along the direction v is a family of convex sets
Kt ⊂Rn that can be deﬁned by (see [22,24])
Kt = conv
{
z + α(z)tv: z ∈ A ⊂Rn}, (2.1)
where A is an arbitrary bounded closed set of points, α is a real bounded function on A, and the
parameter t runs in an interval of the real axis.
The following lemma is due to G.C. Shephard [24].
Lemma 2.1. Every mixed volume involving n shadow systems along the same direction is a convex function of
the parameter. In particular, the volume V (Kt) and all quermassintegrals Wi(Kt), i = 1,2, . . . ,n, of a shadow
system are convex functions of t.
For a convex body K in Rn , a parallel chord movement along the direction v is a shadow system
deﬁned by
Kt =
{
z + β(z|v⊥)tv: z ∈ K}, (2.2)
where β is a continuous real function on the projection K |v⊥ of K onto v⊥ . In other words, to each
chord of K = K0 parallel to v we assign a speed vector β(x)v , where x is the projection of the chord
onto v⊥ , then let the chords move for a time t and denote by Kt their union. Such a union has to be
convex, this is the only restriction we have on deﬁning the speed function β .
Another instance is the movement related to Steiner symmetrization. For a direction v and let
K = {x+ yv ∈Rn: x ∈ K |v⊥, y ∈R, f y(x) y  gy(x)}, (2.3)
here f y and −gy are convex functions on K |v⊥ . If one takes β(x) = −( f y(x) + gy(x)) in (2.3) and
t ∈ [0,1] such that K0 = K and K1 = K v , where K v is the reﬂection of K in the hyperplane v⊥ , and
K1/2 is the Steiner symmetrization of K with respect to v⊥ .
In [3], S. Campi and P. Gronchi prove that a family of parallel chord movement under the behavior
of the Lp centroid operator is still a shadow system along the same direction. This result leads another
proof of the Lp Busemann–Petty centroid inequality.
The similar results for Orlicz centroid operator also hold, which is obtained in [11].
Lemma 2.2. If {Kt : t ∈ [0,1]} is a parallel chord movement along the direction v, then ΓφKt is a shadow
system along the same direction v.
Lemma 2.3. Let φ ∈ C and {Kt : t ∈ [0,1]} be a parallel chord movement with speed function β , then the
volume of ΓφKt is a strictly convex function of t unless β is a linear function deﬁned on v⊥ , that is β(x) =
〈x,u〉.
The following properties are due to E. Lutwak, D. Yang and G. Zhang (see [17]).
Property 2.1. Suppose K ∈ Kn0 and u0 ∈ Sn−1 . Thus, we have
1
|K |
∫
K
φ
( 〈x,u0〉
λ0
)
dx = 1,
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hΓφK (u0) = λ0. (2.4)
Property 2.2. Suppose φ ∈ C . For a convex body K ∈ Kno and a linear transformation L ∈ GL(n), then
Γφ(LK ) = L(ΓφK ). (2.5)
3. The extrema of the functions ϕφ(K , x)
Now we are in the position to state and prove some extrema of the function ϕφ(K , x). Applying
Property 2.2 to the function ϕφ(K , x) we obtain,
ϕφ(LK , Lx) = |Γφ(LK − Lx)||LK | =
|L(Γφ(K − x))|
|LK | = ϕφ(K , x), (3.1)
for every L ∈ GL(n). Obviously ϕφ(T K , T x) = ϕφ(K , x), for every translation T , hence (3.1) holds for
every aﬃne map A.
Theorem 3.1. If {Kt : t ∈ [0,1]} is a parallel chord movement, deﬁned in (2.2), along the direction v with speed
function β . Then ϕφ(Kt , x) is a convex function of t and a strictly convex function of x. Moreover, it is strictly
convex in t unless β(z) = 〈z − x,u〉 for some u ∈ v⊥ .
Proof. By Fubini’s Theorem, the volume |Kt | is independent of t . For every x, {Kt − x: t ∈ [0,1]} is a
parallel chord movement of K − x. By Lemmas 2.1 and 2.2, the convexity of ϕφ(Kt , x) with respect to
t immediately follows from the convexity of the volume |Γφ(Kt − x)|, of Kt − x. Moreover, the strict
convexity holds unless the speed of the parallel chord movement {Kt − x: t ∈ [0,1]} is linear, that is,
unless β(z) = 〈z − x,u〉 for some u ∈ v⊥ .
Let t be ﬁxed and take x1, x2 ∈Rn . Note that, {Kt − ((1−λ)x1 +λx2): λ ∈ [0,1]} is a parallel chord
movement along x2 − x1 with constant speed function (see [4]). By Lemma 2.3, we obtain the strict
convexity of ϕφ(Kt , x) with respect to x. 
Let Mφ(K ) = maxx∈K ϕφ(K , x). From Theorem 3.1 we deduce
Mφ(K ) = max
x∈∂K ϕφ(K , x),
where ∂K is the boundary of K .
In order to prove that Mφ is continuous in the Hausdorff metric, take a sequence of convex bodies
{Kn} converging to K and choose yn ∈ ∂Kn such that Mφ(Kn) = ϕφ(Kn, yn). Up to a subsequence we
may assume that {yn} converges to y ∈ K and then
lim
n→∞Mφ(Kn) = limn→∞ϕφ(Kn − yn,0) = ϕφ(K − y,0) = ϕφ(K , y) Mφ(K ). (3.2)
On the other hand, let z ∈ ∂K such that Mφ(K ) = ϕφ(K , z). Denote by zn the closest point to z in Kn ,
clearly the sequence {Kn − zn + z} converges to K . Therefore
Mφ(K ) = lim
n→∞ϕφ(Kn − zn + z, z) = limn→∞ϕφ(Kn, zn) limn→∞Mφ(Kn). (3.3)
By the above two formulas we prove the continuity of Mφ in the Hausdorff metric.
Since ϕφ(K , x) is aﬃne invariant, it follows that Mφ has maximum and minimum in the class of
all convex bodies as well as in the class of all centrally symmetric convex bodies. We obtain:
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function of t. Moreover, it is strictly convex unless β is aﬃne.
Proof. Let v be the direction of the movement {Kt : t ∈ [0,1]}, then
Mφ(Kt) = max
y∈Kt
ϕφ(Kt, y)
= max
x∈K0
ϕφ
(
Kt, x+ β
(
x|v⊥)tv)
= max
x∈K0
ϕφ
(
Kt − β
(
x|v⊥)tv, x). (3.4)
Note that {Kt − β(x|v⊥)tv: t ∈ [0,1]} is still a parallel chord movement along v . Therefore, The-
orem 3.1 implies that ϕφ(Kt − β(x|v⊥)tv, x) is a convex function with respect to t . Mφ(Kt), as a
maximum of convex functions, is still convex with respect to t . Theorem 3.1 also provides the condi-
tions for the strict convexity. In fact, if Mφ(Kt) is not a strictly convex function of t , then there exist
x ∈ K0 and u ∈ v⊥ such that β(z) − β(x|v⊥) = 〈z − x,u〉, for every z ∈ v⊥ . Hence β(z) = 〈z − x,u〉 + c
is an aﬃne transform, for some constant c. Thus we complete the proof. 
By the Steiner symmetrization and Theorem 3.2 we have
Corollary 3.1. Theminimum of Mφ(K ) in the class of all convex bodies is attained if and only if K is an ellipsoid.
Proof. Let v be a ﬁxed direction. Consider the parallel chord movement of K with speed function
β(z|v⊥) = −( f (z|v⊥) + g(z|v⊥)) such that K0 = K and K1 = K v . The aﬃne invariant functional Mφ
takes the same value at K and K v . Therefore, Theorem 3.2 implies that Mφ is not increased if one
replaces K by its Steiner symmetrization and that the value of Mφ does not change after the sym-
metrization only if the speed of the movement is an aﬃne function. By the representation (2.3) of K ,
the speed of the movement is −( f (z|v⊥) + g(z|v⊥)). Hence it is an aﬃne function if and only if all
the midpoints of the chords of K parallel to v lie on a hyperplane.
It is well known (see [21]) that ellipsoids are the only bodies enjoying this property for every
direction v . Then we complete the proof. 
Now let us turn to the problem of ﬁnding the maximizers of the functional Mφ . We investigate it
only in two-dimensional plane.
Theorem 3.3. For n = 2, the maximum of Mφ(K ) in the class of all convex bodies is attained if K is a triangle.
Proof. By the continuity of Mφ , an approximation argument makes it suﬃcient to show that triangles
give the maximum of Mφ in the class of all polygons. Let P be a polygon with m vertices, m > 3,
and assume that v1, v2, v3 are three consecutive vertices of P . Take a direction u parallel to the line
through v1 and v3 and consider the shadow system {Pt : t ∈ [t0, t1]}, t0 < 0< t1, along u, with speed
1 at v2 and 0 at the other vertices. If t0 and t1 are suﬃciently close to 0, then only the triangle
v1v2v3 moves, while the remaining part of P keeps still. Let us choose [t0, t1] as the largest interval
such that the area of Pt is constant for all t ∈ [t0, t1]. Hence {Pt : t ∈ [t0, t1]} is just a parallel chord
movement and Pt0 and Pt1 have exactly m − 1 vertices. By Theorem 3.2, we have
Mφ(P ) <max
{
Mφ(Pt0),Mφ(Pt1)
}
,
where the inequality is strict because the assumption m > 3 implies that the speed of the movement
is not aﬃne. If m > 4, iterations of this argument lead to the conclusion. 
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|ΓφK | |ΓφT |,
where T is a triangle with the same area as K .
In the special case φ = φp = | · |p , the above inequality is proved by S. Campi and P. Gronchi in [4]
and when p = 1,2 it is given by T. Bisztriczky and K. Böröczky in [1].
For centrally symmetric convex bodies we have the following.
Theorem 3.4. For n = 2, the maximum of Mφ(K ) in the class of all centrally symmetric convex bodies is
attained if K is a parallelogram.
Proof. By the continuity of Mφ , an approximation argument makes it suﬃcient to show that parallel-
ograms give the maximum of Mφ in the class of all origin symmetric polygons P . Assume that P is
an origin symmetric polygon. We adopt the method of the proof of Theorem 3.3. We choose the odd
speed function in the parallel chord movement. If the polygon has m vertices, m > 4, iterations of this
argument we obtain the parallelograms are the maximizers of all P , so we complete the proof. 
We consider the minimum of ϕφ(K , x). Let
mφ(K ) = min
x∈K ϕφ(K , x).
It is obvious that mφ is continuous in the Hausdorff metric. The same argument used in the previous
part ensures that mφ has maximum and minimum in the class of all convex bodies as well as in the
class of the symmetric ones.
Theorem 3.5. If {Kt : t ∈ [0,1]} is a parallel chord movement deﬁned in (2.2) with speed function β , then
mφ(Kt) is a convex function of t. Moreover, it is strictly convex unless β is aﬃne.
Proof. Let v be the direction of the movement {Kt : t ∈ [0,1]}. We have
mφ(Kt) = min
y∈Kt
ϕφ(Kt, y)
= min
x∈K0
ϕφ
(
Kt, x+ β
(
x|v⊥)tv)
= min
x∈K0
ϕφ
(
Kt − β
(
x|v⊥)tv, x). (3.5)
Note that {Kt − β(x|v⊥)tv: t ∈ [0,1]} is a parallel chord movement along v . Therefore, Theorem 3.1
implies that ϕφ(Kt − β(x|v⊥)tv, x) is a convex function with respect to t . mφ(Kt), as a minimum
of convex functions, is also convex with respect to t . Theorem 3.1 also provides conditions for the
strict convexity. In fact, if mφ(Kt) is not a strictly convex function of t , then there exist x ∈ K0 and
u ∈ v⊥ such that β(z) − β(x|v⊥) = 〈z − x,u〉, for every z ∈ v⊥ . Hence β(z) = 〈z − x,u〉 + c is an aﬃne
transform, for some constant c. 
A direct consequence of Corollary 3.1 and Theorem 3.5 is:
Corollary 3.2. In the class of all convex bodies the only minimizers of mφ are ellipsoids.
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by A. Li and G. Leng in [11]. Concerning the maximum, from Theorem 3.5 we deduce the following
results on two-dimensional space.
Since mφ is invariant under the aﬃne transformation. By Theorem 3.5 and following the proof of
Theorem 3.3 we immediately obtain:
Theorem 3.6. For n = 2, the maximum of mφ(K ) in the class of all convex bodies is attained if K is a triangle.
For centrally symmetric convex bodies, following the proof of Theorem 3.4, we consider the maxi-
mum of mφ , we obtain:
Theorem 3.7. For n = 2, the maximum of mφ(K ) in the class of all centrally symmetric convex bodies is
attained if K is a parallelogram.
Now let us consider
Cφ(K ) = ϕφ(K , cK ),
where the point cK is the barycenter of the body K deﬁned by cK = 1|K |
∫
K xdx. Since cAK = AcK
for every aﬃne map A, by (3.1) one has that Cφ is an aﬃne invariant functional. Furthermore, the
continuity of ϕφ and cK immediately implies the continuity of Cφ with respect to the Hausdorff
metric.
For symmetric convex bodies, the barycenter of K is a ﬁxed point of the symmetry itself. By
Theorem 3.1, the same happens to the point where the minimum of ϕφ(K , x) is attained. Hence cK
is the extremal point when K is centrally symmetric or the group of symmetries of K has a unique
ﬁxed point. Hence, we obtain Cφ =mφ .
Theorem 3.8. If {Kt : t ∈ [0,1]} is a parallel chord movement with speed function β , then Cφ(Kt) is a convex
function of t. Moreover, it is strictly convex unless β is aﬃne.
Proof. If v is the direction of the parallel chord movement {Kt : t ∈ [0,1]}, then the barycenter of Kt
moves with constant speed along the direction v . Since
cKt =
1
|Kt |
∫
Kt
xdx = 1|K0|
∫
K0
(
x+ β(x|v⊥)tv)dx
= cK0 +
tv
|K0|
∫
K0
β
(
x|v⊥)dx,
therefore {Kt − cKt : t ∈ [0,1]} is also a parallel chord movement. Since Cφ(Kt) = ϕφ(Kt − cKt ,0), by
Theorem 3.1 we complete the proof. 
Similarly, for all centrally symmetric convex bodies we obtain:
Theorem 3.9. For n = 2, the maximum of Cφ(K ) in the class of all centrally symmetric convex bodies is at-
tained if K is a parallelogram.
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